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Abstract: This paper provides guidelines for designing deep neural networks1

(DNNs) as add-on blocks to baseline feedback control loops to enhance track-2

ing performance of arbitrary, feasible trajectories. The DNNs are trained to adapt3

the reference signals to the underlying feedback loop. The goal is to achieve a4

unity map between the desired and actual outputs. In previous work, the efficacy5

of this approach was demonstrated on quadrotors. On 30 unseen, hand-drawn tra-6

jectories, the proposed DNN approach achieved an average error reduction of 43%7

compared to a baseline feedback controller. Motivated by these results, this work8

aims to provide platform-independent design guidelines for the proposed DNN-9

enhanced control architecture. In particular, we provide specific guidelines for the10

DNN input-output selection, derive conditions for when the proposed approach is11

effective, and show under which conditions the training of the DNN can be more12

efficient.13

Keywords: Trajectory tracking, Model learning, Dynamic inversion, Neural net-14

works15

1 Introduction16

High-accuracy trajectory tracking is an essential requirement in many applications including, but17

not limited to, robot-aided inspection and automated manufacturing [1]. Classical control methods18

such as the proportionalintegralderivative (PID) control can be used to design tracking controllers;19

however, the tuning of these controllers to achieve high performance is typically time-consuming,20

and the performance may be trajectory-dependent or overly conservative [2]. The effectiveness of21

iterative learning control (ILC) to achieve high-performance tracking through repetitive training has22

been illustrated in many research works [3, 4]; yet, generalizing the learned control law to untrained23

tasks is not readily achievable.24

Related work Motivated by the modeling capabilities of deep neural networks (DNNs), in previ-25

ous work [5], a DNN-based control architecture (Fig. 1a) was proposed to enhance the performance26

of a tracking controller designed for quadrotor vehicles (see [5]). In this architecture, the baseline27

control system is treated as a block box; a DNN module trained with the input-output data from the28

baseline system is pre-cascaded to the system to achieve a unity mapping from the desired output to29

the actual output (i.e., exact tracking). As part of a fly-as-you-draw demonstration (Fig. 1b), it was30

found that the addition of the DNN module in the proposed architecture led to an average of 43%31

tracking error reduction on 30 untrained, hand-drawn trajectories.32

Earlier work has combined DNNs with different control techniques such as predictive control and33

adaptive control, where complex dynamics are modeled by the DNNs to account for uncertainties34

and non-idealities in the overall system [6, 7]. In more recent literature, there have been many exper-35

imental and simulation results illustrating the efficacy of using DNNs in control system design. For36

instance, in [8], it is illustrated that a DNN can approximate the unmodeled dynamics of quadrotors37

to assist linear quadratic regulators (LQR) in trajectory tracking control. Moreover, in [9], planar38

pendulum experiments are used to show that DNNs can be used in nonlinear model predictive con-39

trol (NMPC) to estimate the optimal control input. In contrast to this body of research, the proposed40
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(a) Proposed DNN-enhanced control architecture (b) Fly-as-you-draw demonstration setup [5]

Figure 1: Illustrations of the DNN-enhanced architecture and experimental demonstration setup. A
video of the demonstration can be found here: http://tiny.cc/DNN-ImpromptuTracking

architecture in [5] does not affect the underlying feedback controller but is an extension to a stable41

feedback system. As such, it does not jeopardize stability and can be easily added to any black-box42

system to improve tracking performance.43

With respect to the objective of achieving a unity mapping from the desired output to the actual sys-44

tem output, the proposed architecture is similar to direct inverse control and adaptive inverse control45

[6, 10, 11, 12]. However, there are major differences in terms of the overall control architecture and46

how stability and high-performance tracking is achieved. In direct and adaptive inverse control, the47

output of the DNN module is directly linked to the commands sent to the (potentially unstable) plant48

to be controlled. As a result, stability and high-accuracy tracking are intertwined problems to be re-49

solved through well-designed training or testing processes. For instance, in adaptive inverse control,50

online weight update rules are heavily relied upon for ensuring stability of the system [10], and good51

initializations of weights are required to ensure convergence [12]. In contrast, in the proposed archi-52

tecture, the DNN module modifies the reference signal of a stabilized baseline system; the problems53

of stabilization and high-accuracy tracking are essentially decoupled. This decoupling allows the54

training and design of the DNN module to be less constrained by the stability requirement, which55

consequently allows the approach to be implemented easily to enhance the performance of systems56

with complex nonlinear dynamics and even systems with existing tracking controllers.57

Our contributions Though the proposed architecture in Fig. 1a was shown to be effective in58

previous work on quadrotors, design decisions such as the input-output selection for the DNN mod-59

ule were determined through experimental trial-and-error. Direct generalization of the proposed60

architecture to other applications was thus not clear. In this work, we aim to provide a platform-61

independent formulation of the approach. This includes: (1) identification of necessary conditions62

for the approach to be effective, (2) derivation of relevant inputs that must be provided to the DNN63

during the training process, and (3) identification of conditions under which the training efficiency64

can be further improved. With these results, the approach in [5] can be generalized to other robotic65

applications. In the full paper, we provide detailed proofs of our results (see also the Supplemental66

Material). In this (non-archival) extended abstract, we focus on the high-level ideas and results.67

2 Problem Formulation68

We consider a control architecture as shown in Fig. 1a. The DNN is introduced as an add-on module69

to a given closed-loop, stable system in order to improve tracking control. For our analysis, we first70

assume that the underlying closed-loop system can be described by a linear time-invariant (LTI)71

single-input-single-output (SISO) system. This discussion is later extended to nonlinear systems. In72

particular, we assume the discrete-time dynamics of the baseline feedback system can be represented73

by74

x(t+ 1) = Ax(t) + bu(t), y(t) = cx(t) (1)
in the linear scenario, and by75

x(t+ 1) = f (x(t)) + g (x(t))u(t), y(t) = h (x(t)) (2)

in the nonlinear scenario, where t ∈ Z≥0 is the discrete-time index, x ∈ Rn is the system state,76

y ∈ R is the output, u ∈ R is the reference signal, A, b, and c are constant matrices, and f(·),77

g(·), and h(·) are smooth functions. For this setup, we aim to provide guidelines for the design and78

training of the DNN.79
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3 Results80

In the following, we discuss four theoretical insights based on (1) and (2). In order to facilitate the81

discussions, we introduce the notion of relative degree. For the linear system (1), the relative degree82

r is the smallest integer such that cAr−1b 6= 0 [13]. Alternatively, the relative degree can be thought83

as the inherent delay of the system output in response to input. For the nonlinear system (2), with84

h ◦ f denoting the composite function of h and f and fr−1 denoting the (r − 1)th composition of85

f with f i(x(t)) = f i−1 ◦ f(x(t)) and f0(x(t)) = x(t), the relative degree r of the system is the86

smallest integer such that ∂
∂uh ◦ f

r−1(f(x(t)) + g(x(t))u(t)) 6= 0 for each x in the neighborhood87

of the operating point x0 [14]. Given these definitions, we will show that:88

Insight 1. Underlying Function Modeled by the DNN. In order to achieve ex-89

act tracking, the DNN module in the proposed architecture must approximate the90

output equation of the inverse dynamics of the baseline control system.91

For the linear system (1), from the definition of the relative degree, the input u and output y of the92

system are related as follows:93

y(t+ r) = cArx(t) + cAr−1bu(t). (3)

Based on this expression, by choosing the following control law,94

u(t) =
1

cAr−1b
(−cArx(t) + yd(t+ r)) , (4)

it can be seen from Eqn. (3) that y(t + r) = yd(t + r), or exact tracking, is achieved as desired.95

The control law in Eqn. (4) is in fact the output equation of the inverse dynamics of system (1).96

Consequently, by training the DNN to model the control law (4), exact tracking can theoretically97

be achieved. For the nonlinear system (2), by applying the definition of the relative degree, similar98

conclusions can be reached; in this case, the control law for achieving exact tracking is a general99

nonlinear function of the current state x(t) and a desired output yd(t + r) (see Section 1 of the100

supplementary document for details).101

For both of the linear system (1) and the nonlinear system (2), due to the association with the inverse102

dynamics, the efficacy of the proposed architecture is consequently dependent on two necessary103

conditions, which are summarized as104

Insight 2. Necessary Conditions for Effectiveness. The efficacy of the proposed105

approach depends on two necessary conditions: the baseline control system must106

have (i) well-defined relative degree(s) and (ii) stable zero dynamics.107

The two necessary conditions above originate from the invertability and stability of the baseline108

system. For the linear system (1), its relative degree is always well-defined and the control law (4)109

always exists. The condition of stable zero dynamics ensures that the inverse dynamics of the system110

and hence the function learned by the DNN is stable. For the nonlinear system (2), achieving stable111

zero dynamics is a necessary condition for achieving stable inverse dynamics and the relative degrees112

of the system may not be unique or even exist [15]. In practice, for both linear and nonlinear systems,113

the relative degree of a system can be determined from quick experiments such as the system’s step114

response; the relative degree is the number of time steps that the output y is delayed in response to115

an input u. The condition on stable zero dynamics can be inferred from preliminary mathematical116

models of the systems or from the step responses of the systems [16].117

Based on Insight 1, the necessary inputs for the DNN to achieve exact tracking can be determined.118

Insight 3. Efficient DNN Input-Output Selection. The necessary inputs for119

the DNN module to approximate the output equation of the inverse dynamics to120

achieve exact tracking are x(t) and yd(t+ r). For linear systems, the DNN input121

can be alternatively selected to be {yd(t+r), yd(t+r−1), · · · , yd(t−n+r), u(t−122

1), u(t− 2), . . . , u(t− n+ r)}.123

The results for state-space formulations follow directly from the discussion above. For the linear124

system (1), it can be equivalently represented by a transfer function, which provides an alternative125

approach to select the DNN input to achieve exact tracking (see Section 2 of the supplementary126

document for details). This insight is experimentally verified with the quadrotor setup illustrated in127
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(a) Performance comparison for a hand-drawn trajectory

Traj. I.D. DNN (12 inputs) DNN (36 inputs)
1 52.4% 55.6%
2 48.4% 61.4%
3 42.0% 39.7%
4 46.6% 43.9%
5 36.9% 26.6%

Average 45.2% 45.5%

(b) RMS error reduction comparison

Figure 2: Comparison of tracking performance enhanced by the DNN module trained with input
selected in previous work (with 36 inputs) and that selected based on Insight 3 (with 12 inputs).

Fig. 1b. In [5], through trial-and-error, it was found that when the input to the DNN is selected to be128

{x(t), yd(t+ 4), yd(t+ 6)}, the DNN was able to learn a mapping that led to evident performance129

improvement. By using the same setup and DNN training procedure as that in [5], the experiment130

is repeated with proper identification of the system’s relative degree and input selection based on131

Insight 3 {x(t), y(t+ r)}. As can be seen from Fig. 2, with the DNN input dimension reduced from132

36 to 12, the selection of input based on the theoretical formulation led to similar tracking perfor-133

mance as compared with that of previous work. This comparable performance enhancement is also134

observed for four additional test trajectories; a comparison of root-mean-square (RMS) tracking er-135

ror reductions is included in Fig. 2b. As seen from the comparison, the average RMS error reduction136

is almost identical for randomly chosen test trajectories.137

In the implementation of [5], a difference learning scheme is used to improve the efficiency of the138

DNN training. In particular, the position components in the DNN input are taken relative to the139

current position, and the velocity and position components in the DNN output are taken relative140

to the corresponding desired values. By taking differences on the position components, the DNN141

module becomes translational invariant with respect to position, and thus, the amount of data needed142

for training can be reduced. In this work, we are able to show that there is an assumption implicitly143

applied in this training process simplification:144

Insight 4. Condition Allowing for Faster Training Process. The difference145

learning scheme utilized in [5] is effective if the baseline control system achieves146

zero steady state errors for step inputs.147

A proof of this insight is included in Section 3 of the supplementary document. Intuitively, when148

only relative terms are used for training the DNN, bias in tracking would not be compensated by149

the DNN add-on module; the baseline system must be capable of compensating for steady-state150

translational errors. Experimentally, the zero steady-state error condition can be tested using step151

responses — the baseline system is expected to achieve zero steady state errors for constant refer-152

ences. Insight 4 is demonstrated experimentally in Fig. 3.153

Figure 3: Illustration of the necessity of achieving zero steady state errors for step inputs for applying
the DNN training simplification scheme used in [5].

4 Conclusion154

We provided theoretical insights into a DNN-enhanced control architecture for achieving high-155

accuracy, impromptu tracking; these insights represent general design guidelines for how to apply156

the DNN-enhanced control architecture to any robot system. Based on the theoretical formulations,157

necessary conditions for the effectiveness of the overall approach as well as for the effectiveness158

of introducing translational invariance in the DNN modeling are identified and illustrated with ex-159

periments on quadrotors. It should be noted that while DNN is used in this work, the insights are160

applicable to any nonlinear regression method.161
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